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A CRITERION FOR THE PROPERNESS OF THE K-ENERGY IN A
GENERAL KA¨HLER CLASS (II)
HAOZHAO LI1 AND YALONG SHI2
Abstract. In this paper, we give a result on the properness of the K-energy, which answers
a question of Song-Weinkove [11] in any dimensions. Moreover, we extend our previous result
on the properness of K-energy in [9] to the case of modified K-energy associated to extremal
Ka¨hler metrics.
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1. Introduction
This paper is a continuation of our previous work [9]. In [9], we give a criterion for the
properness of the K-energy in a general Ka¨hler class of a compact Ka¨hler manifold by using
Song-Weinkove’s result on J-flow in [11], which extends the works of Chen [1], Song-Weinkove
[11] and Fang-Lai-Song-Weinkove [6]. In [11], Song-Weinkove showed that the K-energy is
proper on a Ka¨hler class [χ0] of a n-dimensional Ka¨hler manifoldM with c1(M) < 0 whenever
there are Ka¨hler metrics ω ∈ −πc1(M) and χ′ ∈ [χ0] such that
(
− nπc1(M) · [χ0]
n−1
[χ0]n
χ′ − (n− 1)ω
)
∧ χ′n−2 > 0. (1.1)
Moreover, Song-Weinkove asked whether theK-energy is bounded from below if the inequality
(1.1) is not strict (Remark 4.2 of [11]). In [6] Fang-Lai-Song-Weinkove studied the J-flow on
the boundary of the Ka¨hler cone and gave an affirmative answer in complex dimension 2.
In [9], we give a partial answer to this question, which says that the K-energy is proper if
1Research partially supported by NSFC grant No. 11131007.
2Research partially supported by NSFC grants No. 11101206.
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c1(M) < 0 and the Ka¨hler class [χ0] satisfies
− nc1(M) · [χ0]
n−1
[χ0]n
[χ0] + (n− 1)c1(M) ≥ 0.
The first main result in this paper is the following theorem, which answers the question of
Song-Weinkove in any dimensions.
Theorem 1.1. Let M be a n-dimensional compact Ka¨hler manifold with c1(M) < 0. If
the Ka¨hler class [χ0] satisfies the property that there are two Ka¨hler metrics χ
′ ∈ [χ0] and
ω ∈ −πc1(M) such that
(
− nπc1(M) · [χ0]
n−1
[χ0]n
χ′ − (n− 1)ω
)
∧ χ′n−2 ≥ 0, (1.2)
then the K-energy is proper on the Ka¨hler class [χ0].
Our second main result is to extend [9] to the case of extremal Ka¨hler metrics. To state
our main results, we recall Tian’s α-invariant for a Ka¨hler class [χ0]:
αM ([χ0]) = sup
{
α > 0
∣∣∣ ∃C > 0,
∫
M
e−α(ϕ−supϕ)χn0 ≤ C, ∀ ϕ ∈ H(M,χ0)
}
,
where H(M,χ0) denotes the space of Ka¨hler potentials with respect to the metric χ0. For
any compact subgroup G of Aut(M), and a G-invariant Ka¨hler class [χ0], we can similarly
define the αM,G invariant by using G-invariant potentials in the definition.
Theorem 1.2. Let M be a n-dimensional compact Ka¨hler manifold and X an extremal vector
field of the Ka¨hler class [χ0] with potential function θX := θX(χ0). Assume ImX generates
a compact group of holomorphic automorphisms1, and LImXχ0 = 0. If the Ka¨hler class [χ0]
satisfies the following conditions for some constant ǫ :
(1) 0 ≤ ǫ < n+1
n
αM ([χ0]),
(2) πc1(M) < (ǫ+min θX)[χ0],
(3) (
− nπc1(M) · [χ0]
n−1
[χ0]n
+min
M
θX + ǫ
)
[χ0] + (n − 1)πc1(M) > 0,
then the modified K-energy is proper on HX(M,χ0), where HX(M,χ0) is the subspace of
H(M,χ0) with the extra condition ImX(ϕ) = 0. If instead of (1), we assume [χ0] is G-
invariant for a compact subgroup G of Aut(M) , and 0 ≤ ǫ < n+1
n
αM,G([χ0]), then the
modified K-energy is proper on the space of G-invariant potentials.
For the definitions of extremal vector field and modified K-energy, see section 3. Note that
the min θX here is actually an invariant of the Ka¨hler class according to [10] and Appendix of
[17]. We can also replace the condition (3) of Theorem 1.2 by some weaker assumptions as in
Theorem 1.1, however we prefer this version since (3) is easier to check. The proof of Theorem
1.2 relies on the study of the modified J-flow, which is an extremal version of the usual J
flow defined by Donaldson [5] and Chen [1]. Here we modify the proof of Song-Weinkove [11]
1If [χ0] = c1(M), then this is always true, see Theorem F of [8].
3to get the existence of critical metrics of the modified J functional and then we apply the
argument in [9] to get the properness of the modified K-energy.
In a recent interesting paper [4], Dervan gives a different sufficient condition on the proper-
ness of the K energy on a general Ka¨hler class by direct analyzing the expression of the K
energy, which gives better results in some examples (cf. [9][4]). While Dervan’s condition is
useful mainly when M is Fano, our theorem applies on more general manifolds. Whether one
can improve both results is still an interesting problem.
In section 2, we prove Theorem 1.1, which is a strengthen of the Main Theorem of [9].
Then in section 3, we study the modified J-flow and prove Theorem 1.2.
2. Proof of Theorem 1.1
In this section we prove Theorem 1.1. Here we use the notations in our previous work [9].
Proof of Theorem 1.1. By the assumption (1.2), for sufficiently small ǫ > 0 we have(
(nc+ ǫ)χ′ − (n− 1)ω
)
∧ χ′n−2 > 0, (2.1)
where
c =
−πc1(M) · [χ0]n−1
[χ0]n
.
We can write (2.1) as (
n(c+ ǫ)χ′ − (n− 1)(ω + ǫχ′)
)
∧ χ′n−2 > 0, (2.2)
Since ω and χ′ are Ka¨hler metrics, we have ω + ǫχ′ > 0. by Song-Weinkove’s result (cf.
Theorem 1.1 in [11]) there exists a Ka¨hler metric χ ∈ [χ0] such that
(ω + ǫχ′) ∧ χn−1 = (c+ ǫ)χn.
Thus, the functional Jˆω+ǫχ′,χ0 is bounded from below on [χ0]. Since χ
′ ∈ [χ0], by the argument
of [13]2 [9] there is a uniform constant C > 0 such that for any ϕ ∈ H(M,χ0),
|Jˆω+ǫχ′,χ0(ϕ) − Jˆω+ǫχ0,χ0(ϕ)| ≤ C.
Therefore, Jˆω+ǫχ0,χ0(ϕ) is bounded from below and we have
Jˆω,χ0(ϕ) ≥ −ǫ
(
Iχ0(ϕ) − Jχ0(ϕ)
)
− C, ∀ ϕ ∈ H(M,χ0). (2.3)
Now using Tian’s α-invariant we have (see Lemma 4.1 of [11], also [14] page 95 )∫
X
log
χnϕ
χn0
χnϕ
n!
≥ αIχ0(ϕ) − C
≥ n+ 1
n
α · (Iχ0(ϕ) − Jχ0(ϕ))− C, ∀ϕ ∈ H(M,χ0) (2.4)
2The authors would like to thank G. Sze´kelyhidi for telling them this fact, which they overlooked when
preparing [9].
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for any α ∈ (0, αM ([χ0])). Set ω0 := −Ric(χ0) > 0. Combining the inequalities (2.3)-(2.4) we
have
µχ0(ϕ) =
∫
X
log
χnϕ
χn0
χnϕ
n!
+ Jˆω0,χ0(ϕ)
≥
∫
X
log
χnϕ
χn0
χnϕ
n!
+ Jˆω,χ0(ϕ) − C
≥
(n+ 1
n
α− ǫ
)(
Iχ0(ϕ) − Jχ0(ϕ)
)
− C.
Therefore, for sufficently small ǫ the K energy is proper.

3. Proof of Theorem 1.2
3.1. The modified K-energy µ˜ and J˜ functional. We first recall some notations in [9].
Let (M,χ0) be a n-dimensional compact Ka¨hler manifold with a Ka¨hler form
χ0 =
√−1
2
hij¯dz
i ∧ dz¯j .
We denote by H(M,χ0) the space of Ka¨hler potentials
H(M,χ0) = {ϕ ∈ C∞(M,R) | χϕ = χ0 +
√−1
2
∂∂¯ϕ > 0}.
A metric χ is called “extremal” if the gradient of the scalar curvature R(χ) is a holomorphic
vector field, i.e.
R(χ)−R− θX(χ) = 0,
where R is the integral mean value of R(χ) (which is a topological number) and θX(χ) is the
normalized holomorphic potential of a holomorphic vector field X with respect to the metric
χ. Namely, θX(χ) satisfies the equalities
LXχ =
√−1
2
∂∂¯θX(χ),
∫
M
θX(χ)
χn
n!
= 0.
Such a holomorphic vector field X is called an “extremal vector field”. Futaki and Mabuchi
proved that “extremal vector field” makes sense in a general Ka¨hler manifold and is unique
[8]. Here we always assume that LImXχ = 0, hence θX is real-valued. For such an extremal
vector field X, we modified the space of Ka¨hler potentials accordingly:
HX(M,χ0) = {ϕ ∈ H(M,χ0) | ImX(ϕ) = 0}.
For any ϕ ∈ HX(M,χ0), the potential θX(χϕ) is also real-valued (Since we always have
θX(χϕ) = θX(χ) +X(ϕ).). Then we can define the modified K-energy on HX(M,χ0) by the
variational formula
δµ˜χ0(ϕ) = −
∫
M
δϕ(R(χϕ)−R− θX(χϕ))
χnϕ
n!
.
Then the critical point of µ˜χ0 is just an extremal Ka¨hler metric in [χ0].
5The J˜ functional with respect to a reference closed (1,1)-form ω (not necessarily positive)
is defined by the formula
J˜ω,χ0(ϕ) = Jˆω,χ0(ϕ) +
∫ 1
0
∫
M
∂ϕt
∂t
θX(ϕt)
χnϕt
n!
dt
=
∫ 1
0
∫
M
∂ϕt
∂t
(ω ∧ χn−1ϕt − cχnϕt)
dt
(n − 1)! +
∫ 1
0
∫
M
∂ϕt
∂t
θX(ϕt)
χnϕt
n!
dt, (3.1)
where
c =
[ω][χ0]
n−1
[χ0]n
.
When we choose ω0 = −Ric(χ0), then a direct computation shows that
µ˜χ0(ϕ) =
∫
M
log
χnϕ
χn0
χnϕ
n!
+ J˜ω0,χ0(ϕ). (3.2)
Note that the modified K-energy and J-functional actually make sense on the larger space
H(M,χ0), though the value may be not real. However the J˜ functional enjoys the following
interesting property as the usual J functional:
Proposition 3.1. When ω is positive, the real part of J˜ω,χ0 is strictly convex along any C
1,1
geodesics in H(M,χ0), and its imaginary part is linear.
Proof. Since the usual Jˆ functional is real valued and strictly convex along any C1,1 geodesics
by the work of Chen, we only need to compute the second order derivative of the additional
term. Suppose the geodesic is C2, then
d
dt
∫
M
ϕ˙tθX(ϕt)
χnϕt
n!
=
d
dt
∫
M
ϕ˙t(θX(χ0) +X(ϕt))
χnϕt
n!
=
∫
M
[
ϕ¨tθX(ϕt) +X(
1
2
ϕ˙2)
]χnϕt
n!
+
∫
M
ϕ˙tθX(ϕt)
√−1
2
∂∂¯ϕ˙t ∧
χn−1ϕt
(n− 1)!
=
∫
M
[
ϕ¨t− < ∂ϕ˙t, ∂ϕ˙t >
]
θX(ϕt)
χnϕt
n!
+
∫
M
X(
1
2
ϕ˙2)
χnϕt
n!
−
∫
M
√−1
2
∂θX(ϕt) ∧ ∂¯(1
2
ϕ˙2t ) ∧
χn−1ϕt
(n− 1)!
=
∫
M
[
ϕ¨t− < ∂ϕ˙t, ∂ϕ˙t >
]
θX(ϕt)
χnϕt
n!
+
∫
M
LX
(1
2
ϕ˙2t
χnϕt
n!
)
=
∫
M
[
ϕ¨t− < ∂ϕ˙t, ∂ϕ˙t >
]
θX(ϕt)
χnϕt
n!
= 0.
Then we approximate a general C1,1 geodesic by C2 geodesics as Chen-Tian [3]. So we
conclude that ReJ˜ is also strictly convex along any C1,1 geodesics, and ImJ˜ is linear. 
A direct corollary of Proposition 3.1 is the following result:
Corollary 3.2. If J˜ω,χ0 has a critical point ϕ ∈ HX(M,χ0) and ω > 0, then J˜ω,χ0 is bounded
from below on HX(M,χ0).
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Proof. This is a minor modification of Chen’s proof of Proposition 3 in [1]. We just connect
any ψ ∈ HX(M,χ0) with ϕ by a C1,1 geodesic in H(M,χ0). Then since both J˜ω,χ0(ϕ) and
J˜ω,χ0(ψ) are real valued, by Proposition 3.1, J˜ω,χ0 is real valued along this geodesic, and hence
strictly convex. The rest of the proof is identical to that of Chen in [1], so we omit it. 
3.2. The existence of critical points of J˜. In this subsection, we always assume ω is a
closed positive (1,1)-form, i.e. a Ka¨hler form. We want to find out the critical point of J˜ω,χ0 .
By definition, a critical point ϕ ∈ HX(M,χ0) satisfies
ω ∧ χn−1ϕ =
(
c+
1
n
θX(χϕ)
)
χnϕ. (3.3)
We have a similar theorem as Song-Weinkove, saying that the existence of a “subsolution”
(in a suitable sense) to the above Euler-Lagrange equation will actually leads to a solution:
Theorem 3.3. If there is a metric χ′ ∈ [χ0] satisfying
(ncχ′ − (n− 1)ω) ∧ χ′n−2 + θX(χ′)χ′n−1 > 0, (3.4)
and LIm Xω = 0, then there is a smooth Ka¨hler metric χϕ = χ0 +
√−1
2 ∂∂¯ϕ ∈ [χ0] satisfying
the equation (3.3), and the solution χϕ is unique.
Note that (3.4) automatically implies θX(χ
′) is real valued. The uniqueness part of Theorem
3.3 follows directly from Proposition 3.1. We only need to study the existence problem.
Without loss of generality, we may assume that the initial metric χ0 satisfies (3.4). To prove
Theorem 3.3, we introduce the following flow, called “modified J-flow”:
∂ϕ
∂t
= c− ω ∧ χ
n−1
ϕ
χnϕ
+
1
n
Re θX(χϕ)
=
1
n
(
nc+Re θX(χϕ)− Λχϕω
)
. (3.5)
Denote the right hand side operator by L(ϕ), then it is easy to see that the linearization of
L is given by ∆˜ + 1
n
Re X, where
∆˜f =
1
n
hkl¯∂k∂l¯f, h
kl¯ = χkj¯χil¯gij¯.
Since ∆˜ is strictly elliptic, we always have short time solution to the flow equation (3.5).
A modified J-flow starts with an element of HX(M,χ0) will remain in this space:
Lemma 3.4. If ϕ0 = ϕ|t=0 satisfies (Im X)(ϕ0) = 0, and LIm Xω = 0, then along the
modified J-flow, we always have (Im X)(ϕ) = 0.
Proof. Denote Im X by Y . By the assumption LY ω = 0 = LY χ0, we have
Y (Λχϕω) = −χαj¯ϕ χiβ¯ϕ (LY χϕ)αβ¯gij¯ + χij¯ϕ (LY ω)ij¯
= −χαj¯ϕ χiβ¯ϕ
(
LY χ0 + Y (ϕ)
)
αβ¯
gij¯
= −χαj¯ϕ χiβ¯ϕ (Y (ϕ))αβ¯gij¯ = −n∆˜Y (ϕ)
7Form (3.5), we have
∂Y (ϕ)
∂t
= − 1
n
Y (Λχϕω) +
1
n
Y
(
θX(χ0) +Re X(ϕ)
)
= ∆˜Y (ϕ) +
1
n
(Re X)
(
Y (ϕ)
)
+
1
n
Y
(
θX(χ0)
)
,
where the last equality follows from the fact that the real part and imaginary part of a
holomorphic vector field always commute.3
Claim: We always have Y
(
θX(χ0)
)
= 0, thus Y (ϕ) satisfies a very good parabolic equation
and we conclude from maximum principle that Y (ϕ) = 0 along the flow.
To prove the claim, just note that from the definition of θX(χ0), we always have
Xiχij¯ = ∂j¯θX(χ0).
So we have
X
(
θX(χ0)
)
= XjX¯iχji¯ = |X|2χ0 .
Since both X
(
θX(χ0)
)
and θX(χ0) are real, we have (Im X)
(
θX(χ0)
)
= Im
(
X
(
θX(χ0)
))
=
0. 
From the above lemma, we see that actually we can rewrite our equation as
∂ϕ
∂t
= c− ω ∧ χ
n−1
ϕ
χnϕ
+
1
n
θX(χϕ)
=
1
n
(
nc+ θX(χϕ)− Λχϕω
)
. (3.6)
Differentiating (3.6) with respect to t, we have
∂
∂t
∂ϕ
∂t
= ∆˜
∂ϕ
∂t
+
1
n
X
(∂ϕ
∂t
)
.
The maximum principle implies that
min
M
∂ϕ
∂t
∣∣∣
t=0
≤ ∂ϕ
∂t
≤ max
M
∂ϕ
∂t
∣∣∣
t=0
.
In particular,
Λχω ≤ max
M
Λχ0ω +max
M
θX(χϕ)−min
M
θX(χ0).
Since both χ0 and χϕ are ImX-invariant by Zhou-Zhu [17], the term maxM θX(χϕ) −
minM θX(χ0) is uniformly bounded. Thus, Λχω has uniform positive upper bound along the
flow. In particular, there is a uniform constant c > 0 such that
χϕ ≥ c ω (3.7)
as long as the flow exists.
Lemma 3.5. There is a uniform constant C > 0 such that for any (x, t) we have
Λωχ ≤ CeA(ϕ−infM×[0,t] ϕ),
and |ϕ|C0 ≤ C as long as the flow exists.
3Note that a holomorphic vector field is always of the form Z − iJZ, where Z is real-holomorphic, i.e.
LZJ = 0. So we have [Z, JZ] = LZ(JZ) = JLZZ = 0.
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Proof. Following Song-Weinkove [12], in normal coordinates of ω, we have
∆˜(Λωχ) =
1
n
hkl¯R
ij¯
kl¯
(g)χij¯ +
1
n
hkl¯gij¯∂k∂l¯χij¯ , (3.8)
where R ij¯
kl¯
(g) denotes the curvature tensor of g. By the equation of the modified J-flow, we
have
∂
∂t
Λωχ = − 1
n
gij¯∂i∂j¯(χ
kl¯gkl¯) +
1
n
gij¯∂i∂j¯(θX(χϕ))
=
1
n
(
gij¯hpq¯∂i∂j¯χpq¯ − gij¯hrq¯χps¯∂iχrs¯∂j¯χpq¯ − gij¯hps¯χrq¯∂iχrs¯∂j¯χpq¯ + χkl¯Rkl¯(g)
)
+
1
n
gij¯∂i∂j¯(θX(χϕ)).
Therefore, we have
(∆˜− ∂
∂t
) log(Λωχ)
=
∆˜(Λωχ)
Λωχ
− |∇˜(Λωχ)|
2
(Λωχ)2
− ∂
∂t
log(Λωχ)
=
1
nΛωχ
(
hkl¯R
ij¯
kl¯
(g)χij¯ + g
ij¯hrq¯χps¯∂iχrs¯∂j¯χpq¯ + g
ij¯hps¯χrq¯∂iχrs¯∂j¯χpq¯
−χkl¯Rkl¯(g)− n
|∇˜(Λωχ)|2
Λωχ
− gij¯∂i∂j¯θX(χϕ)
)
≥ 1
nΛωχ
(
hkl¯R
ij¯
kl¯
(g)χij¯ − χkl¯Rkl¯(g) − gij¯∂i∂j¯θX(χϕ)
)
,
where we used the inequality by Lemma 3.2 in [15]
n|∇˜(Λωχ)|2 ≤ (Λωχ)gij¯hrq¯χps¯∂iχrs¯∂j¯χpq¯. (3.9)
On the other hand, we have
X(log Λωχ) =
1
Λωχ
X
(
gij¯(χ0,ij¯ + ϕij¯)
)
=
1
Λωχ
(
X(gij¯χ0,ij¯) +X(g
ij¯ϕij¯)
)
=
1
Λωχ
(
X(gij¯χ0,ij¯) + ∆g(X(ϕ)) −Xk,iϕki¯
)
,
where we used the fact that
X(gij¯ϕij¯) = X
kϕi¯ik = X
kϕki¯i = g
ij¯(X(ϕ))ij¯ −Xk,iϕki¯.
9Combining the above identities, we have
(
∆˜ +
1
n
X − ∂
∂t
)
log(Λωχ)
≥ 1
nΛωχ
(
hkl¯R
ij¯
kl¯
(g)χij¯ − χkl¯Rkl¯(g)− gij¯∂i∂j¯θX(ϕ) +X(gij¯χ0,ij¯) + ∆g(X(ϕ)) −Xk,iϕki¯
)
=
1
nΛωχ
(
hkl¯R
ij¯
kl¯
(g)χij¯ − χkl¯Rkl¯(g)−Xk,iϕki¯ −∆gθX +X(gij¯χ0,ij¯)
)
=
1
nΛωχ
(
hkl¯R
ij¯
kl¯
(g)χij¯ − χkl¯Rkl¯(g)−Xk,iχki¯ +Xk,iχ0,ki¯ −∆gθX +X(gij¯χ0,ij¯)
)
,
where θX is the holomorphic potential of X with respect to χ0. Note that(
∆˜ +
1
n
X − ∂
∂t
)
ϕ =
1
n
(
hkl¯ϕkl¯ + χ
ij¯gij¯ − nc− θX
)
=
1
n
(
2χij¯gij¯ − hij¯χ0,ij¯ − nc− θX
)
.
Thus, we have
n
(
∆˜ +
1
n
X − ∂
∂t
)(
log(Λωχ)−Aϕ
)
≥ 1
Λωχ
(
hkl¯R
ij¯
kl¯
(g)χij¯ − χkl¯Rkl¯(g)−Xk,iχki¯ + C(χ0, ω,X)
)
−2Aχij¯gij¯ +Ahij¯χ0,ij¯ + ncA+AθX .
By the assumption (3.4), we can choose ǫ > 0 sufficiently small such that
(ncχ0 − (n− 1)ω) ∧ χn−20 + θX(χ0)χn−10 > 2ǫ χn−10 . (3.10)
Moreover, since χϕ is uniformly bounded from below, we can choose A large such that
− 1
AΛωχ
(
hkl¯R
ij¯
kl¯
(g)χij¯ − χkl¯Rkl¯(g) −Xk,iχki¯ + C(ω,X)
)
≤ ǫ,
then at the maximum point (x0, t0) of log(Λωχ)−Aϕ, we have
nc+ θX + h
ij¯χ0,ij¯ − 2χij¯gij¯ ≤ ǫ.
We choose normal coordinates for the metric χ0 so that the metric χ is diagonal with entries
λ1, · · · , λn. We denote the diagonal entries of ω by µ1, · · · , µn. Thus, we have
nc+ θX(x0) +
n∑
i=1
µi
λ2i
− 2
n∑
i=1
µi
λi
≤ ǫ,
which implies that for any fixed index k, we have the inequality
ǫ ≥
n∑
i=1,i 6=k
µi
( 1
λi
− 1
)2
−
n∑
i=1,i 6=k
µi +
µk
λ2k
− 2µk
λk
+ nc+ θX(x0)
≥ nc+ θX(x0)−
n∑
i=1,i 6=k
µi − 2µk
λk
. (3.11)
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On the other hand, by (3.10) we have for any k,
(ncχ0 − (n − 1)ω) ∧ χn−20 ∧ βk + θX(χ0)χn−10 ∧ βk > 2ǫ χn−10 ∧ βk,
where βk :=
√−1dzk ∧ dz¯k. This means
nc+ θX(x0)−
n∑
i=1,i 6=k
µi > 2ǫ.
Combining the above inequalities, we have λk
µk
< 2
ǫ
and there is a constant C = C(n, ǫ) such
that at the point (x0, t0),
Λωχ ≤ C.
Thus, at any point (x0, t0) we have the estimate
Λωχ ≤ CeA(ϕ−infM×[0,t] ϕ).
The passage from this C2 estimate to C0 estimate does not use the equation and hence is
identical to Song-Weinkove[11] and Weinkove [15][16], so we omit it.

Corollary 3.6. The modified J-flow exists for any t ∈ [0,∞).
Proof. Suppose the solution exists only in [0, T ) with T <∞. We will derive a contradiction.
By the above lemma, we have uniform C0 and C2 estimates. By interpolation, we also
have uniform C1 estimate on [0, T ). By Evans-Krylov estimate, we also have uniform C2,α
estimate. Then we can take limit of ϕ(·, ti) as ti → T to get a ϕT . Since χϕ is uniformly
bounded from below, χ0+
√−1
2 ∂∂¯ϕT is a Ka¨hler form. So the solution can extend beyond T ,
a contradiction! 
Now we can use the modified J-flow to finish the proof of Theorem 3.3:
Proof of Theorem 3.3. By our above discussion, the modified J-flow has a unique solution
ϕ(·, t) for t ∈ [0,∞). By the proof of the above theorem, we also have a uniform C2,α
estimate. By the standard bootstrap argument, the solutions are uniformly bounded with
respect to any Ck norm. Then for any sequence ti → ∞, we can find a subsequence, also
denoted by ti such that ϕ(·, ti)→ ϕ∞ in C∞. We shall prove that ϕ∞ solves (3.3).
To show this, we define an energy functional associated with the modified J-functional
following Chen [2]:
EX,χ0(ϕ) :=
∫
M
(
θX(χϕ)− Λχϕω
)2χnϕ
n!
=
∫
M
σ2
χnϕ
n!
,
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where σ := θX(χϕ)−Λχϕω. Then along the modified J-flow, we have (in normal coordinates
of χϕ)
d
dt
EX,χ0(ϕ) =
∫
M
[
2σ
(
X(
∂ϕ
∂t
) + χiq¯ϕχ
pj¯
ϕ (
∂ϕ
∂t
),pq¯gij¯
)
+ σ2∆χ
∂ϕ
∂t
]χnϕ
n!
=
∫
M
[ 2
n
σX(σ) +
2
n
σχiq¯ϕχ
pj¯
ϕ σ,pq¯gij¯ +
1
n
σ2χpq¯ϕ σ,pq¯
]χnϕ
n!
=
∫
M
[ 2
n
σX(σ) − 2
n
χiq¯ϕχ
pj¯
ϕ σ,q¯σ,pgij¯ −
2
n
σχiq¯ϕχ
pj¯
ϕ σ,pgij¯,q¯ −
2
n
σχpq¯ϕ σ,q¯σ,p
]χnϕ
n!
=
∫
M
[ 2
n
σX(σ) − 2
n
χiq¯ϕχ
pj¯
ϕ σ,q¯σ,pgij¯ −
2
n
σχiq¯ϕχ
pj¯
ϕ σ,pgiq¯,j¯ −
2
n
σχpq¯ϕ σ,q¯σ,p
]χnϕ
n!
=
∫
M
[ 2
n
σX(σ) − 2
n
χiq¯ϕχ
pj¯
ϕ σ,q¯σ,pgij¯ −
2
n
σχpj¯ϕ σ,p(Λχϕω),j¯ −
2
n
σχpq¯ϕ σ,q¯σ,p
]χnϕ
n!
=
∫
M
[ 2
n
σX(σ) − 2
n
χiq¯ϕχ
pj¯
ϕ σ,q¯σ,pgij¯ −
2
n
σχpq¯ϕ
(
θX(χϕ)
)
,q¯
σ,p
]χnϕ
n!
= − 2
n
∫
M
χiq¯ϕχ
pj¯
ϕ σ,q¯σ,pgij¯
χnϕ
n!
.
The last equality comes from the definition of θX(χϕ). So we have
d
dt
EX,χ0(ϕ) = −
2
n
∫
M
|∇χσ|2ω
χnϕ
n!
< 0.
In particular, this implies
∫ ∞
0
(∫
M
|∇χtσ(·, t)|2ω
χnt
n!
)
dt <∞.
So if the sequence ti is chosen properly, so that∫
M
|∇χtiσ(·, ti)|2ω
χnti
n!
→ 0,
then we can conclude that
θX(χϕ∞)− Λχϕ∞ω ≡ const.
This implies that ϕ∞ solves (3.3). The theorem is proved. 
3.3. Proof of Theorem 1.2.
Proof of Theorem 1.2. We focus on the G = {1} case, the proof in the general case is identical.
Recall the Aubin-Yau functionals
Iχ0(ϕ) =
∫
X
ϕ(
χn0
n!
− χ
n
ϕ
n!
),
Jχ0(ϕ) =
∫ 1
0
dt
∫
X
∂ϕt
∂t
(
χn0
n!
− χ
n
ϕ
n!
).
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Direct calculation shows that
Iχ0(ϕ) − Jχ0(ϕ) = −
∫ 1
0
dt
∫
X
∂ϕ
∂t
∆χϕϕ
χnϕ
n!
= −
∫ 1
0
∫
X
∂ϕ
∂t
(χnϕ − χ0 ∧ χn−1ϕ )
dt
(n− 1)! .
As Jˆ , we also have the following lemma for J˜ , whose proof is the same as in [13] and [9]:
Lemma 3.7. If J˜ω,χ is bounded from below, then so is J˜ω′,χ for any ω
′ ∈ [ω]. (ω′ may not be
positive.)
Set
c :=
(
ǫ[χ0]− πc1(M)
) · [χ0]n−1
[χ0]n
= −πc1(M) · [χ0]
n−1
[χ0]n
+ ǫ.
By condition (2) of Theorem 1.2, we can find a ω ∈ ǫ[χ0] − πc1(M) with ω > 0 (Since
min θX < 0, ǫ[χ0] − πc1(M) > 0. ). Since ImX generates a compact one-parameter group
of holomorphic automorphisms, we can average ω. So we can also assume that LImXω = 0.
Then by condition (3), we can find a closed (1,1)-form χ′ ∈ [χ0] such that
(nc+min θX)χ
′ − (n− 1)ω > 0.
We claim that nc+min θX > 0, thus the above inequality also implies χ
′ > 0. In fact, by
condition (2), we have
πc1(M) · [χ0]n−1
[χ0]n
< ǫ+min θX .
So, c > −min θX , and hence
nc+min θX > −(n− 1)min θX > 0.
Now we have
(nc+ θX(χ
′))χ′ − (n− 1)ω ≥ (nc+min θX)χ′ − (n− 1)ω > 0.
By Theorem 3.3, we know that J˜ω,χ0 has critical point. By Lemma 3.7 and 3.2, we conclude
that (Remember that ω0 = −Ric(χ0))
J˜ω0+ǫχ0,χ0 ≥ −C.
By (3.2), we have
µ˜χ0(ϕ) =
∫
M
log
χnϕ
χn0
χnϕ
n!
+ J˜ω0,χ0(ϕ)
=
∫
M
log
χnϕ
χn0
χnϕ
n!
+ J˜ω0+ǫχ0,χ0(ϕ)− ǫ(Iχ0 − Jχ0)(ϕ)
≥ (n+ 1
n
α− ǫ)(Iχ0 − Jχ0)(ϕ) − C,
for any positive α < αM ([χ0]). By condition (1), we can choose such an α < αM ([χ0]) with
n+1
n
α− ǫ > 0, so the modified K-energy is proper. 
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